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1. The three-level model

The sequential two-photon ionization of the hydrogen atom
by a short laser pulse is studied using the three-level model.
The atom, which is initially in its ground state |I〉 = |1s〉
(we sete EI = 0), is resonantly excited into an intermediate

state |R〉 = |np〉 (n ≥ 2) by absorption of a single photon
of energy ω = ER = Ip− 1

2n2 and subsequently ionized by a
second photon into a final electron continuum state |F 〉 of
energy EF = Ip + ε. Here, Ip =

1
2 is the ionization poten-

tial of the atom and ε = k2/2 is the kinetic energy of the
emitted photoelectron (atomic units are used throughout).

Figure 1. Energy level scheme of the hydrogen atom and the two-
photon absorption paths for transitions from the ground (1s) state to
the final continuum states (εs and εd) via one-photon resonant excita-
tion of a np state (n = 2, 3).

The final state wave function at photoionization of the
hydrogen-like atom satisfies the incoming wave boundary
condition and can be written as the partial wave expansion
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where σl = arg Γ(l + 1 + iη) is the Coulomb phase shift
with the Sommerfeld parameter η = −Z/k (for hydrogen
Z = 1) and the radial function ul(k, r) is given by the reg-
ular Coulomb function Fl(η, kr) [1].

Applying a linearly polarized laser pulse

E(t) = E0g(t) cosωt (2)

with envelope g(t), the state of the atom at time t reads

|ψ(t)〉 = aI(t)|I〉 + aR(t)e
−iωt|R〉 +

∫

ak(t)e
−2iωt|k〉d3k,

(3)
where aI(t), aR(t) and ak(t) are the time-dependent ampli-
tudes for the population of states |I〉, |R〉 and |F 〉 = |k〉
(represented by Eq. (1)), respectively. The stationary states
|R〉 and |F 〉 have been dressed by multiplying with the phase
factors e−iωt and e−2iωt to simplify the equations of motion.

Inserting Eq. (3) into the time-dependent Schrödinger equa-
tion for the total Hamiltonian Ĥ(t) = Ĥ0 + Ŵ (t), where
Ĥ0 is the Hamiltonian of the field-free atom and the term
Ŵ (t) = ẑE(t) describes the atom-field interaction, and ap-
plying the rotating wave approximation, we obtain the fol-
lowing set of equations for the amplitudes
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2
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)
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Here D = 〈R|ẑ|I〉 and d(k) = 〈F |ẑ|R〉 are the dipole tran-
sition matrix elements for the excitation of the intermediate
state and for its subsequent ionization, respectively.

2. Local approximation

Using a formal solution of the third of Eqs. (4)

ak(t) = − i
2
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∫ t
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′)dt′

(5)
and the local approximation [2] which assumes that the main
contribution of the integral over t′ stems from the times
around t′ ∼ t, the last term in the second of Eqs. (4) re-
duces to
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where |dε|2 = k
∫

Ωk
|d(k)|2dΩk, k =

√
2ε and ε0 = 2ω − Ip

(see Fig. 1). Finally, one obtains the set of equations [3]
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where aε(t) = dεak(t)/d(k) and

Γ = 2π
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is the ionization rate of the intermediate resonant state |R〉.
The imaginary term − i

2 Γg
2(t) describes the losses of the

population of the intermediate state by the ionization into
all final electron continuum states |F 〉.

3. Results

The system of Eqs. (7) was solved numerically for two val-
ues of the photon energy ω which fit the excitation energies
of: (i) 2p state (ω = ER = 3/8 a.u. = 10.2 eV) and (ii) 3p
state (ω = ER = 4/9 a.u. = 12.1 eV), choosing a gaussian
laser pulse

g(t) = e−t
2/τ 2 (9)

of τ = 30 fs duration and different intensities I0 = E2
0/(8πα)

(in the TW/cm2 domain, α = 1/137). The computed dipole
transition matrix elements for the excitation and ionization
are: (i) D = 0.744936 a.u., dε0 = 0.407759 a.u. and (ii)
D = 0.298311 a.u., dε0 = 0.153418 a.u.

Figure 2. (a) The populations of the ground state (1s) and the interme-
diate resonant 2p state, calculated as |aI(t)|2 and |aR(t)|2, respectively,
at the sequential two-photon ionization of hydrogen by a gaussian laser
pulse of 1TW/cm2 peak intensity, 30 fs duration and the carrier fre-
quency of ω = 3/8 a.u. = 10.2 eV which fits to the energy of 1s→ 2p
transition. (b) The photoelectron yield at ε = ε0 in the same ionization
process, calculated as |aε0(t)|2. The dashed gray line represents the en-
velope of the laser pulse. For the chosen peak intensity the populations
perform approx. 1.5 Rabi cycles during the pulse.

Figure 3. The populations of the ground state (1s) and the intermedi-
ate resonant state np (n = 2, 3) of hydrogen, after the laser pulse has
expired, as functions of the peak intensity I0. The results for the gaussian
pulse of 30 fs duration and carrier frequency: (a) ω = 3/8 a.u. = 10.2 eV
and (b) ω = 4/9 a.u. = 12.1 eV which fit to the energies of 1s→ 2p and
1s→ 3p transitions, respectively, are shown. The vertical dashed lines
indicate the peak intensities at which the atom manages to complete an
integer number of Rabi cycles during the pulse.

The photoelectron energy spectra shown in Fig. 4 are calcu-
lated for the peak intensities corresponding to the maxima of
the ground-state population, indicated in Fig. 3 by vertical
lines.

Figure 4. Photoelectron energy spectra computed for the peak inten-
sities indicated in Fig. 3 by vertical dashed lines and two values of the
carrier frequency: (a) ω = 10.2 eV and (b) ω = 12.1 eV, which fit to the
excitation energies of 2p and 3p state, respectively. The corresponding
weak field values of the photoelectron energy are: (a) ε0 = 6.80 eV and
(b) ε0 = 10.58 eV.

Demekhin and Cederbaum [3] demonstrated that the modu-
lations in the photoelectron spectra are results of the inter-
ference of two photoelectron waves emitted with the same

kinetic energy at two different times. For each value of ε
one wave is emitted at time t1(ε), when the pulse is growing,
and another at time t2(ε), when it decreases. For a gaussian
pulse these two times are

t1(ε) = −t2(ε) = τ
√

ln[∆/(ε− ε0)], (10)

where ∆ = DE0/2.
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